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1 CAD Examples

Most examples are pure CAD versions of those from David Wilson’s original database at
[Will3], if they weren’t pure CAD examples already. If not stated, this is their original
source, or this repository is the original source.
1.1 ArcSin
22y =0A—-22+132 < -1V —1623y + 16 2y> + 82y =
ONdzt — 2422 + 4y =422 +42 < -1Vy=0A—2<—-1Vy=0Az < —1
1.2 Ellipse

224y —1=0V —a??® +a®?> + 22 —20%cx + 0?22 =0AN0<aANa<1AO<DbAD<
INO<cAc<1

Originally from [BH91]

1.3 Kahan

a3y + 8wy’ + 84 2%y + 209> + 288 zy + 324y = 0 A -4zt +4y* — 5223 + 12212 —
22522 4 63y2 —324x < 0V2y=0A22< -9V8y=0A822+8y2+56x <
—96Vy=0A22+9y>+ 70 < 12V 8a3y + 8ay® + 84 2%y + 20y3 + 288 2y + 324y =
0N -4zt +4y* — 5223+ 122y% — 25222 + 3692 — 5402 <
432 Ndat — 4yt 45223 — 122y? + 22522 — 6392 + 3242 < 0V2y=0A 22 <
6A20 <OA8y=0A—-822—-8y?> —562<96A22%2+2¢y>+82<0
1.4 Random
dry? +1622 —42+1=0V2¢y°24+40+1=0A22%2—-2y> -2 <0

Originally from [BH91]

1.5 2D Example
22 +y2 —1=0A4ay<1va?+y?> —8r—2y+16=0A4ay —4x <17



1.6 3D Example

x2+y2+22—1:0/\4a:yz<1Vx2+y2+z2—8x—2y—4z+20:
ONdzyz —8zy —4xz—16yz+8x+ 32y + 162 < 33

1.7 3D Sphere

z—r<1IAz—y<lAz?4+9y>—-1=0
1.8 Arnon-84
2x4+y4—3:ﬂ2y—2y3+y2 =0
Originally from [ACM84]
1.9 Arnon-84-2
92t 4+ 96 2%y + 10522 + 1449y + 702 — 98 = 0, 2% + 2y® + 62y + 92 = 0]
Originally from [ACM84]
1.10 Collision
12 -2t +224+49y?—80y+396 = OA0 < tV5a’t? —2atr —Saty+22+4y>—4 =0A0 < a
Originally from [BH91]
1.11 Intersection
xz+yz—2x=0V22—y=0A222—9y?>—22<0
Originally from [BH91]
1.12  ProjectionCAD 1
P4y —1=0Azy<1/AV(z—4)>+(y—-1)>-1=0A(z—4)(y—1) < 1/4
Originally from [Engl5]

1.13 ProjectionCAD 2

P+ —1=0AP+ P —1=0Azy<1/4V(z—4)>+ @y -1 -1=
OAN(z—4P+(y—1)°—-1=0A(z—4) (y—1) < 1/4

Originally from [Engl5]



1.14 Solotareff

322 —a—-2x=0AN0<z?—ar—224a—-2b—2A0<4da—1ANda<TAO<z+1Azx<
0V3y2—a—2y=0A0<y®—ay—y> —a+2A0<4b+3A4b<3AN0<yAy<l1

Originally from [BH91]
1.15 Concentric Circles
224+ 92 —9=0,22+y* — 1 =0

Originally from [Dav11]
1.16 Non-Concentric Circles

224+ 2 —9=0,22+ (y—1)* -1 =0
Originally from [Dav11]
1.17 Sphere and Catastrophe

22+ 92 +22—1=0,22 422 +y =0
Originally from [McC88]
1.18 McCallum Trivariate Random Polynomial

(y—DA+zl+2(1-y) 22+ (y—ao—1)z+y=0

Originally from [McC88]

1.19 Piano Movers Problem (Davenport) (Original)

(z—a)4+@y—0>—9=0A0<ybv0O<z(y—b’+y(a—z)(y—b)A0<
(y—1)b-1)Vo<(z+1)(y—b>+@y—-1)(a—2z)(y—bA0<azV0<y(x—a)+
x(b—y)(x—a)/\0§(m—i—l)(a—l—l)\/OS(y—1)($—a)2+(:c+1)(b—y)(x—a)

Originally from [WDEB13|

2  QE Examples

Many of the given examples are from David Wilson’s original database at [Will3]. If not
otherwise stated, this is their original source, or this repository is the original source.



3 QE Examples

3.1 Hong-90
(Ja) () r+s+t=0Ars+rt+st—a=0Arst—b=0

Originally from [Hon90]
3.2  Quartic

(V) 0 <2t +pa? +qu+r
Originally from [Laz88]

3.3 YangXia

(3s) (3b) 3e) a*h? —4s(s—a)(s—b)(s—c)=0A2Rh—bc=0A2s—a—b—c=
ONO<DOAO<cAO<RAO<AhAO<a+b—cAO<bt+c—aANO<c+a-—b

Originally from [BGO06]

3.4 Collision

(Jy) Ba) (3t) 1/4 (x —t)* + (y—10)> =1 =0A1/4 (—at + z)* + (—at +y)* — 1 =
0AO<tAO<a

Originally from [BH91]

3.5 Cyclic-3
(3b) (3a) a+b+c=0ANab+ac+bc=0ANabc—1=0

3.6 Cyclic-4
(Je) (3b) (Fa) a+b+c+d = 0Nab+ad+be+cd = 0Aabe+abd+acd+bed = 0Aabed—1 = 0

3.7 Cyclic-5

(3d) (3c) (3b) (3a) a+b+c+d+e=0ANab+ ae+ bc+ cd+ de =
0 A abc + abe + ade + bed + cde = 0 A abed + abee + abde + acde + bede = 0 Aabede —1 =0

3.8 Ellipse A

(Fy) Bx) 22+ —1=0A0*(x— )+ —a®* =0A0<aAha<IAO0<DbAb<
INO<cAc<1

Originally from [BH91]



3.9 Ellipse Problem
ab # 0 A (V) (Vy) 52($—C)2+a2(y—d)2—a2b2:0:>g;2+y2 <1

Originally from [CMXY09]

3.10 Intersection
(32) 22 —1/29* —1/222=0Az2+yz—22=0A22—y=0

Originally from [BH91]
3.11 Putnum Example
(3a) (3b) (3¢) (3d) a®+b*>—1 =0A(c—10)°+d>—9 =0A22—a—c=O0A2+y—b—d =0
Originally from [BGO06]
3.12 Random A

(F2) (Vy) 3x) 42? + 2y —2+1/4=0A22+1y?2+1/2=0A2%2—2/2 —y> =0
Originally from [BH91]
3.13 Random B

(3z) (Vy) (32) 42? +2y?> —2+1/4=0A22+ 1?2 +1/2=0A2%2—2/2 — > =0
Originally from [BH91]

3.14 SEIT Model

(3s) 3F)(3J)(3T) — Jbs—ds+d=0AvEF — (d+t)J =
OANbT +eJT —(d+v+7)F+ (1 —q)tJ =0A-JTV? + Jgt + Fr —Td=0A0 <
FAO<S<JINANO<STAO<sAO<OADO<dAdNAO<VADO<STrAO<tADO<gANO<Db—C

Originally from [BGO06]

3.15 Sharir 3-Cube

(3.7}1) (3$2) (3:33) —25< 221 — 2520+ 1023 N2 <2521+ 229+ 1023 A =25 <
221 +25294+ 1023 A2<252x1 — 2294+ 1023 A0 < —x9 — 23 A —2 < —29 4+ 23

Originally from [Zie00]



3.16 Solotareff

(Jy)(3x) 322 —a—22x=0A23—ar—2%2+a—-2b—2=0A3y> —a—2y=0Ay3—ay—
P —a+2=0A0<4a—1A4a <TA0<4b+3N4b<3AN0<z+1Az <O0A0<yAy <1

Originally from [BH91]

3.17 Solotareff-3

(Fu)(Fv) 0<rA0<r—1A0<u+1Au—v<0AvV<1IA2ru+3u?—a=
OAN2rv+3v2—a=0Arv 4+ v —aut+a—r—1=0Arv’ 4+  —av—a—2b+7r+1=0

Originally from [CMXY09, Ach56]

3.18 Brown Davenport 1

(3z1) Vo) (Vyo) yo=wmn1 Axo=z1Vyo=z1 A0 =21 => 20 < 1/2ANyp =229V 1/2 <
ToANYyo=2—2x0

Originally from [BDO7]

3.19 Brown Davenport 2

(Fz2) (Vo1) (Vy1) y1 =92 Aw1 =22 V1 = 22 Ay = 22 = (F21) (Vo) (V0) yo =
yl/\x():zl\/ygzzl/\xozx1:>x0§1/2/\y0:2$0\/1/2<$0Ay0:2—2x0

Originally from [BDO7]

3.20 Brown Davenport 3

(Fz3) (Va2) (Vo) 2 = yz3 Ax2 = 23 Vy2 = 23 A 22 = 23 = (322) (Vor) (V1) 11 =
Y ANx1 =220V Y1 = 22 N1 :$2:>(5|21)(\V/$0)(\V/y0) Yo =Y1 Nxog =21 VY =21 Nx9 =
m1:>x0§1/2/\y0:2.@0\/1/2<xg/\y0:2—2x0

Originally from [BDO07]

3.21 Brown Davenport 4

(324) (Vz3) (Vy3) ys =ya A3 =24V ys = 24 Nv3 = 24 = (J23) (V2) (V92) 2 =
yg/\x222’3\/y2:23/\$2:x3:>(322)(V$1)(Vy1) Y1 =Y NT1=22VY =2 N2 =
w2 = (J21) (Vzo) (Vo) Yo =1 Axo=21Vyo =21 ANT0 =21 =70 < 1/2 A\ yo =
2:1:0\/1/2<:c0/\y0:2—2x0

Originally from [BDO7]



3.22 Brown Davenport 5

(325) (V(I}4) (Vy4) Yo =Ys NTg =25V Ys =25 \NTy = T5 = (324) (Vm’g) (Vyg) Y3 =
Ya NT3 =24V ys =24 N3 =14 = (J23) (V2) (V2) y2o =ys ANz2 =23V y2 =23 Nxg =
1‘3:>(E|2:2) (le) (Vyl) Y1 =Y NT1 =22VY =22 A\Nx1 = T2 = (321) (on) (Vy()) Yo =

nAxo=z1Vy=z1ANzo=x1 =20 <1/2Nyg=2x0V1/2<20ANYo=2—220

Originally from [BDO7]

3.23 Collins and Johnson

(3r) 3a*r —a? —2ar + 20> <OAN0 < 3a%r +3b%r —2a®> —dar — 20> +2a+7rAN0 <
a—1/2N0<bAN0O<rAT<]1

Originally from [HC91]

3.24 Collision Problem

(3)3z)(Fy) 0< L —6A L <10A0<2z - 41Az -1 <1A0<
~ gy T < TA0< (2 —t)? +y? -1

Originally from [HC91]
3.25 Davenport-Heintz

(3e) (W) (Va) a—d=0Ab—c=0Va—c=0Ab—-1=0=a>-b=0
Originally from [DH88, HC91]

3.26 Edges Square Product

(Ja) (Fb) (Fe) —ab+c+x=0AN—-ac—2+y—2=0A0<aA—-a<-2A0<
b—2AN-b< AN0<c+1IAN-—Cc<—-INO0L<2+1IN-2<-9AN0<Ly+6A-y<—6

Originally from [BGO06]
3.27 NLRA Economics 1
(Vu1) (Vog) (Vous) (Vog) v <OAO0<wvaAvgvg—1=vg4Avg=v30; = 0<wv3Avy <0
Originally from [MBD"18§]
3.28 Off-Center Ellipse
a#0A(Vx)(Vy) 16a%y? —8a’y —3a? +422 — 4z +1=0=22+¢y2 <1

Originally from [AMS88]



3.29 Parametric Parabola

(3z) az® +bx+c=0

Originally from [CMXY09]

3.30 Range of Lower Bounds
(Vz) (Va) (Vb) (Ve) (F2) 0 <aAaz?+bz+c#0=0<ar?+br+c—y

Originally from [DSS04]

3.31 Simplified Putnum
(3a)(3d) a? +d> —4dy+4y> —1=0Aa?> —dar +d*+42% +20a— 402+ 91 =0

Originally from [BGO06]

3.32  Simplified SEIT Model

() d<OANO<TAO<EtAO<gAO<b—cAO<
vAD < JAOD < DAO < eAbJ+d # OA—v # OA0 < (d + t) JuAve # OANO < d (bJ + d)AOD <
(bJ + d) cv (Jbgtv + Jbd* + Jbdr + Jbdt 4+ Jbdv + Jbtv + dgtv — bdv + d® + d*r + d*t + d?v + drt)A
O:
— (bJ + d) cv3d (J?bed + J?bet + J?bev + Jbqtv — Jbev + Jbd? + Jbdr + Jbdt + Jbdv + Jbrt + Jed? + Jed

Originally from [BGO06]

3.33 Simplified YangXia

(3b) —b/2#0A0<RAO<bAO<hA1/16a%h?b* — 1/32a0% — 1/8 a®R2h2H? —
1/8 R2h2b* + & 4 @0 L 1 /AR =0N0 < —1/4 (2Rh —ab—b?)bAD <
1/2Rhb N0 < 1/4 (2Rh+ab—b*)bA0<1/4 (2Rh—ab+b?)b

Originally from [BGO06]
3.34  Whitney Umbrella
(Bu) (Fv) —ww+r=0Ay—v=0A-u?+2=0
Originally from [CMXY09]
3.35 X-axis Ellipse Problem
ab# 0 A (Vz) (Vy) > (z —c¢)® +a’y? —a?? =0 =22 442 < 1

Originally from [DSS04]



3.36 A Real Implicitization Problem
(Fu) (Fv) —wv+z=0A-uv*+y=0A—-u?>+2=0

Originally from [DSS04]

3.37 Applied Mechanics Problems 1a

(VF1) (VEy) (VFs) 25 < Fy AFy < 315 7665 < Fy A Fy < 735 A 285 < Fy A Fy < 315 =
N <Fi—F+F3NF1 —F+F3 <Ny

Originally from [Ioal9]

3.38 Applied Mechanics Problems 1b

(VFy) (VFy) (VFy) 22 < Fy AFy < 22 NG65 < Py A Fy < T35 A G2 < Iy A Fy <
WS o Ny <F—FB+FAF—F+F3< N,

Originally from [loal9]

3.39 Applied Mechanics Problems 1c

(VFy) (VF) (VF3) B2 < FiANFy <3 A665 <o AF, <T35 A2 <3 A Fy <
WS o Ny <F—FB+FBAF—F+F; <N

Originally from [loal9]

3.40 Applied Mechanics Problems 2a

(Vp) 150 — 150p < Fy A Fy < 150 + 150 p A 700 — 700p < Fy A Fy <
7004700 pA300—300p < F3AF3 < 300+300p = Ny < Fy — Fo+ FsAFy — Fo+ F3 < Ny

Originally from [Ioal9]

3.41 Applied Mechanics Problems 2b

(Vp) 150 —150p < Fy A F1 < 150+ 150p A 700 — 700p < Fy A Fy <
700+700pA550—550p < F3AF3 <5504+550p = Ny < F1 —Fo+F3ANF1—Fy+F3 < N

Originally from [Ioal9]

3.42 Applied Mechanics Problems 2c

(Vp) 150 —150p < Fi A F; <150+ 150p A 700 — 700p < Fo A F < 700 + 700p A
1200 — 1200p < F3 A F3 <1200+ 1200p = N1 < Iy — Fo + Fs AN Fy — Fo 4+ F3 < No

Originally from [loal9]



3.43 Applied Mechanics Problems 3

2
47721 F
(VFp) 0< NIAO<N2A-1<FpAFp<1= N1*< (Y[50p 4 30108)7

2 2 2
48056 Fp _ 332794 47721 Fp | 361085 _ 48056 Fp _ 332794 2
( 28293 2615 ) /\( 32020 T 1914 ) +< 28203 2615 ) = Ve

Originally from [Ioal9]

3.44 Applied Mechanics Problems 3x

(VFl) (VFQ) (VF3) (VF4) 120< FyANFp <131AB9 < Fo ANFy, <61AN109 < F3 AN F3<

1MIA99 < FyANFy <101 = Nzl <
4641 Fy _ 17101F, | 19475 Fy , 346411 _ 17101 Fp | 19475 Fy  njpo

40000 50000 20162 40000 50000 20162

Originally from [Ioal9]

3.45 Applied Mechanics Problems 3y

(VFY) (VFy) (VF3) (VFy) 129 < Fy A Fy < 131 A59 < Fy A Fy < 61 A109 < Fy A Fy <
111A99 < Fy A F; <101 = Nyl <

58463 F 5378 Fy 58463 F _ 5378 Fy
Fy/2 62215 F3 20779 /\ Fy/2 62215 F3 20779 < Ny2

Originally from [loal9]

3.46 Applied Mechanics Problems 4a

(3g) —1<qAq<1= 525000 (2 n ﬂ) up — 525000 v/2uz — 525000 /2y =

0 A —525000 v/2u1 + 52500 v/2 (g 4 20) ug — 52500 v/2vy =
0 A —525000 v/2u; — 52500 v/2us + 52500 /2 (¢ + 20) vg = —10

Originally from [Ioal9]

3.47 Applied Mechanics Problems 4b

(Jg) —1<qAg<1= (V20+20+10V2)ur — V2 (g +10) (us + v5) =
0A (g+10) (ug — 2u2) = 0 A 5250 /2 (¢ + 10) (ug — 2v2) =1

Originally from [loal9]

3.48 Ball and Circular Cylinder
(32) (3z) (Fy) 22+ + 22 <1nz+(y+2-2)7<1

Originally from [McC88]
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3.49 Joukowsky Original Formulation

(Va) (Vb) (Ve) (Vd) a(c® +d?) (a*> +b*+1) —c(a®> + V%) (P +d* +1) =
OAb(+d?) (a®+b2—1) —d(a®>+b?) (P+d®>—1)=0A0<bdAO< P+ d*—1=

a—c=0ANb—d=0
3.50 Joukowsky Separate Clauses
(Ja) (3b) (Fe) (Fd) a (2 +d?) (@®>+b*+1) —c(a®> +b?) (P+d*+1) =0A

b(c2+d?) (a®>+b* —1)—d(a® + %) (2 +d*> —1) = 0A0 < bdAO < P +d?—1Aa—c #0
3.51 Joukowsky Upper Half Plane

(Va) (Vb) (Ve) (Vd) a(c® +d?) (a®> +b*+1) —c(a®> + V%) (P +d?+1) =

OAD(A+d?) (a®+b2—1)—d(a®+b*) (P+d*—1) =0A0<bA0O<d=a—c=
0OANb—d=0

3.52 Piano Movers Problem (Wang)

(3a) (3b) 3c) (Fd) a®> +?> =12 A0<aAb<OAl<cAd<—-1Ac—(1+b)(c—a)=
ONd—(1—a)(d—b)=0

Originally from [WDEB13|

3.53 Positive Invariant Sets 1

(Fg) (Vz1) (Va2) (Va3) 0 <gAO<INO<aANO<bAOD<
cA1/2bc (—2x1%29 + 2212 — 231 23 + 2 (72 — 2) (—aze + 21%)) + bag (cv1 — 23) <

—q (1/2 be <x12 + (z9 — 2)2) +1/223% — l)
Originally from [RVR19]

3.54 Positive Invariant Sets 2

(Fq) (Vz1) (Va2) (Vaz) 0 <IAO0 < gA
(4 bkri 4 — 2bkxa® + 4 kqri? — A kqri x4 + kqro® + kqus® + kqua? — 2kr 212 + 4 kry o1 20 + 2 kro 1 23 +
0V 4bkri g — 2bkxs® + 4 kqri? — 4 kqri x4 + kqro® + kqus® + kqra® — 2kry 12 +
dkrixy o+ 2kroxy 23 + qri a1 — klg — 4kxyxo —2ka3? =0Ak #0

Originally from [RVR19]

3.55 Positive Invariant Sets 3

(Jg) (31) (3p1) (Fza0) (V1) (Vo) (Vaz) 0 <IAO0<p1AD<
gA =2p1 i’k +2p1 1ok + 2 2120 — 2292 — 21 20wy + 210 1 w3 — 2232 +
2 (4 — 240) (—bxg + 21 22) < —¢q (Pl 212 + 2% 4 132 + (4 — 740)° — l)

Originally from [RVR19]
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3.56 Positive Invariant Sets 4

(Hq) (3[) (3%40) (Va:l) (Vl’g) (V[L‘g) 0<INO<pI ANO<gA—2p 1‘12]43 +2p1xiaok+
271 w1 Ty — 2x9% — 221 202y + 27271 73 — 223° + 2 (24 — 240) (—bT4 + T T2) <

—q (pra1® + 2 + 237 + (24 — 2a0)” — 1)
Originally from [RVR19]

3.57 Positive Invariant Sets 5

(3q) (31) 3p1) (V1) (Va2) (Vo3) 0 <IAO0<pr AO< gA—2py 212k +2py 21 20 k +
27“1%11’2—2.7}22 —2m1$2$4+2r2x1x3—2x32+2 ($4—$40) (—bx4—|—x1x2) <
—q (pl 212 + 29 + 232 + (24 — 249)° — l)

Originally from [RVR19]

3.58 Positive Invariant Sets 6

(3q) (A1) (Vo1) (Vo) (Va3) 0 <IAO<pi AO<qgA —2p1 1%k +2p1 21200k +
27”1.%'11‘2—23322 —2.%'11'2.734+2T2.%’1$3—23332+2 (1’4—1‘40) (—b(l?4—|—.%'1$2) <

—q (pl x12 + x22 + $32 + (334 — x40)2 — l)
Originally from [RVR19]

3.59 Positive Invariant Sets 7

(3q) (V1) (Vo) (Vo3) 0 <IAO0<pi AO < gA—2py 212k +2p1 100k + 271 21 2 —
2.7322 —2x1$2x4+27“2:c1x3 —23332+2 (ZL‘4—I40) (—b$4+x11}2) <

—q (Pl 212 + 29?2 + 232 + (24 — 240)° — l)
Originally from [RVR19]
3.60 Quantified Linear System
(V) (Vz) Fy) w) s+y<zAw<yAhz<zw—y
Originally from [RESW14]

3.61 Simplified Edges Square Product

(Ja) —a<0Na<2A0<z24+1A2<IN0<y+6Ay<6A0<
—(a®>+1) (2a2—aw—y+2)/\(ay—a:)(a2+1)§(a2+1)2/\a2+17§0/\0§
(a>+1)(@®+ay—z+1)A(a®>+1) (axz+y) <4 (a2+1)2

Originally from [BGO06]

12



3.62 2D Euclidean Space Axiomatisation 1

(31) (By1) Ge2) By2) (11 —a2)” + (11 —2)° < 1
Originally from [DA19]

3.63 2D Euclidean Space Axiomatisation 2

(3z1) Fy1) Grz) Fy2) Gas) (Fys) (21— 22)° + (Y1 — 32)° <
LA (22— 23)° + (Y2 —y3)” S 1TA4 < (21— 23)° + (Y1 — 3)°

Originally from [DA19]

3.64 2D Euclidean Space Axiomatisation 3

(3z1) Fy1) Ga2) Fy2) Gos) (Fys) Gza) (Fya) (21 — 22)° + (Y1 — 32)° <
LA (z2 — 23)°+ (y2 — y3)? < AN (23— 24)° + (y3 — ya)® < LAL6 < (1 — 24)° + (31 — 1)’

Originally from [DA19]

3.65 Piano Movers Problem (Davenport)
0<zVO<wVy<O0Vz<O0V(IH) 0<tAt<lAz+t(w—2)<—-1A1<y+t(z—1y)
Originally from [WDEB13]

3.66 Piano Movers Problem (Yang, Zheng)
(Vr) 0 <428 -4 (L—-3)2%-2BL—-6)2* -2 (L -3)2%2+1
Originally from [WDEB13]

3.67 Termination of Term Rewrite System
(Fr) (Vo) (Vy) 0 <z —rA0O<y—r=0<2>(1+2y)* —y> (222 +1)
Originally from [HC91]

3.68 RA Triangle Hyp Longer Than Sum of Sides
(Va) (W) 0 <anO<bAa®+b?=ct=a+b<c

4 Economics QE Examples

The paper [MBD™18] discusses the genesis of various QE problems from economics.
While various QE questions can be posed from any one set of assumptions and hypotheses
(and indeed a select couple can be found in the examples above), the following are the
constituent assumption/hypothesis pairs A and H themselves, from which one may pose
eg. the “theorem” Vx A(x) = H(x).
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4.1 0058

Assumptions:
true
Hypotheses:

v S v1Avg < V1AV S V1 AV5 < V1 AVg S V1AV S v Avg < v Avg < v Avyg < V1AV
v1AV12 S v1AV13 < V1AV < v1AV1s S 01 AV < V1AV S V1AV < U1 AU19 < V1 Avgg
V1AV SVUAL <201 AV SvaAvg < v Avy < v Avs < v Avg < vg Avy < vg Avg
V2 Avg < v2Av1g < V2 AV < VaAv12 < V2 AV13 < V2 Avly < Ve Avis < UaAvU1g S V2 AT
VoAV < Vo AV1g < V2 AUy < VAV < VaAL < 2v93A2 < 201419 A2 < v1+2v9Av1
v3ANvg SvzAvg SvgAvs S vgAvg S v3Avr S v3Avg < U3 Avg < v3Avig < U3 AU
v3Av12 < v3AV13 < v3Avy < v3Avs < v3Av1e < v3Av1r < v3Avs < v3AU1g < v3AUg
V3 AV KV3AL <203A2 <201 +13A2 <2004+ v3A2<v1+203A2< vo+2v3AV1
Vg ANV S U AV3 S Ve AV5 S VaNAvg S Vg Avr Svg Avg S vg Avg S vg Avig < v A1
VgAV12 < VgAU13 < V4AV14 S Vg AV1s S g AV16 S g Av1r S vgAvis S vgAU1g S U4AU0
VaAV91 KU4NL <20 AN2<201 44 A2 <2094+ v4 N2 <203+ N2<v14+2U4A2
Vo +2U4 N2 < v3+204NA0] SvsAva S v5Av3 <vsAvg <vsAvg < vsAvr < vsAvg
U5 Avg < v5Av10 < v5AV1L < v5AV12 < UsAV13 < U5 AUy < U5AV1s < U5AU16 < U5 AUIT
vs AU1g S U5 AV1g S U5 AU S UsAV1 S UsA1L < 205A2 <2014+ u5A2 <2094+ v5A2
2034+ U5 A2 < 20445 A2 < v +205A2 < va+205A2 < wv34+2u05A2 < wvg4+2v5AV1
v Nv2 S v Avg S v Avy S vg Avs < g Avr < vg Avg < vg Avg < v Avig < v A1l
veA\v12 < veAV13 < veAV14 < veAV1s < UgAV1s < veAVT < veAUIg < UeAULg < Ue/AU20
Ve ANVl KU AL <206A2 <201 4+v6A2< 200+ 1v5N2<2v34+v6A2<2v4+vgA2
205+ N2 <1+ 206 A2 < v +20s A2 <v3+206AN2 < vs+2v5AN2 < v54+2v5A\V1
v Avg SvrAvg SvrAvg S vrAvs S vr Avg S v Avg < vr Avg < vr Avig < vr Avng
vrAvie < v7AU13 < U7 AV S U7 AV1s S U7 AV S vrAvir S vrAvis < vrAvig < U7 AU
VAVl KVTAL <20 A2<2014v7A2< 209417 A2<2v3+v7AN2<2v44+v7A2
205 + 7 A2 <206+ 07 A2 <1+ 207 A2 <4207 A2 <wv3+207 A2 < wvg+2v07 A2
vs+ 207 N2 <wvg+2vu7Avy SvgAvg <wvgAvg <vgAvg <vgAvg < vgAvg < vg Avy
vgA\vg < vgAvig < vgAvir < vgAvie < vgAviz < vgAvig < vgAvis < UgAvie < vsAvry
Vg AV1g < vg Av1g < vgAvgg < vg Ao S vgAl < 20gA2 < 2v14+vgA2 < 2v9+vgA2
203+ vg A2 <2v44+vg N2 <2vu5+vg A2 <20+ v8 N2 <2v7+vgAN2 < v +2v8A2
Vo+2Us N2 <v3+20sA2 <vs+208A2<wv54+2vsN2 < v5+2vsN2 < vr+2vgAv1
Vg ANvg S vgAvg S vgAvy S Vg Avs S vg Avg < vg Avr < vg Avg < vg Avig < vg A gy
v9Av12 < v9AV13 < V9 AV14 < V9 AV1s < vgAV1e < vgAVT < vgAvig < vgAvrg < vgAv2g
Vg AV91 KUgANAL <209A2 <201 4+v9A2 <20+ 1v9N2<2v34+v9A2 <2044+ v9A2
205+ V9 A2 < 2064+ v9 A2 <207 +v9g A2 <2084+ V9 A2 < v+ 209A2 < vo+2v9A2
V34209 A2 < v44+209N2 <v54+209A2 < vg+209A2 <v74+209A2 < wvg+2v9 Av1
v10AV2 < V10AV3 < V10AVy < v1AVs < V1AV < V10AV7 < v10AUg < v1pAVg < w10V
v10 A V12 < V10 AV13 < v Av1g < V10 A V15 < V1AV < V10 A V17 < V1 Avig < U109 A V19
190\ V9 < Vg Av21 < VAL < 2v190A2 <2014+ v190A2 < vig+2v93 A2 < vig+2v3A2
V10+2 04 N2 < v19+205A2 < v10+206 A2 < v10+2 07 A2 < v1g+2vsA2 < v1gF+2 V9N 2
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V14+2v10A2 < 20104+ 12A2 < 20104+ 03A2 < 2010+ A2 < 2010+ 05A2 < 2010+ N2 <
2010+ v A2 <2010+ V8 A2 < 2010+ vg AV S V1 Ave S v Avg < viiAvg < v Ay <
v11 Avg <11 Avr S w11 Avg < w11 Avg <11 Avig S w1 Avie S v Avg S o1 Avyg <

v11 Av1s < 011 Avg < w11 Avir S o1 Avig S w11 Avig S U1 Avgg S w11 Aver S vl AL <
20 A2 <201+ A2 < v1+21A2<v14+203A2 < v1+204 A2 < v1+205A2 <
v11+206A2 < v11+207A2 < v11+208A2 S w11 F209A2 < 2v10+v11A2 S V1 +H2011A2 <
2011+ A2 < 2011 +v3A2 < 2011+ 04A2 < 2011+ 0542 < 2011+ 06 A2 < 2011+ 07 A2 <
2011 +vs A2 < 2011+ 09 A2 < w19+ 2011 Avp S 012 Avg < w12 Avg < v Avg < v Avs <
vi2 Avg S v12 Avg S v1a Avg S w12 Avg < 012 A vy < w12 Avir S v12 Avig S vig Avgg <
v12 Av1s < V12 Avig S V12 Av1r S V12 Avig S v12 Avig < V12 Avgg S w12 Avgr S U2 A1 <
20092 <201 4012 A2 < V19 + 209 A2 < v+ 203N2 < v+ 204 A2 < vi9g+2v5A2 <
V19+206A2 < v194+207A2 < v19+2V8A2 < V19+2V9A2 < 2v190+v12A2 < 2011 +Hv12A2 <
v1+2012A2 < 2012+ 02 A2 < 2012 +03A2 < 2012+ 04A2 < 2012+ 05A2 < 2012+ 06 A2 <
201947 A2 < 201904V A2 < 2019+ V9 A2 < v19F+2v12A2 < v11+2v19AV] < Vi3Ave <
V13 Av3 Svi3 Avg Svi3 Avs Svig Avg < vz Avr vz Avg < v13 Avg < v13 Avgg <
v13Av1l < v13AvV12 S V13 AV S visAv1s < V13 AV < vigAvrr < V13 Av1s < v13Avig <
v13Av2o S v13Av2r S v13AL < 201342 < 201 +v13A2 S w13 +202 A2 < vz +2v3A2 <
V13+2 04 A2 < 0134+205A2 < v134+2 A2 < v13+2 07 A2 < v134+208A2 < v13+2 V9N 2 <
20104+ v13A2 < 20114 013A2 < 2v19+v13A2 < 0142 013A2 < 2v13+v9A2 < 2013+ v3A2 <
2v13+v4A2 < 2v13+v5A2 < 2013+0A2 < 2v13+07 A2 < 2013+0gA2 < 2013+1v9 A2 <
v10+2v13A2 < w11 +2013A2 < v12+2013AV] S vigAvg < v Avg < v1gAvg < vigAvs <
V14 ANvg S V14 AN vp S 014 Avg S w14 Avg < 014 Av1o < vig Avig S v Avie S vy Avgg <
v14 A V15 < 014 Av1g S v14 A1 < U4 Avig S w14 Av1g S U4 Avgg S w14 Avgr S v Al <
204 N2 <201+ A2 SV + 22 A2 S v+ 203A2 S v+ 204 A2 < v+ 205 A2 <
V14+2 VA2 < V14+207 A2 < V14 +2V8A2 < V14 +2V9A2 < 2v10+v14N2 < 2011 Fv14N2 <
2010+ 014NA2 < 201340142 < V1 4+2V14A2 < 2014+ VN2 < 2014+ V3A2 < 2014+ V42 <
2014+ v5A2 < 2014+ 06 A2 < 2014+ 07 A2 < 2014+ VA2 < 20144+ V9A2 < v19+2v14A2 <
V11 +2014 A2 S w12+ 2014 A2 S w13+ 2014 AV S w15 AV S V15 A3 S V1AV < Vs AUy <
v15 AN vg < 015 A vr < w15 Avg < w15 Avg < 015 A v < v1s Avir < v15 Avie < vis Avig <
v15 Av1g < 015 Avig < 15 Av1r < U5 Avig S v15 Av1g < U5 Avge S w15 Aver S U5 A1 <
205 N2 <201+ vi5 A2 < V5421 A2 < vi54+203A2 < Vi5+204 A2 < vi5+205A2 <
V15+206A2 < vi54+207A2 < 01542 0sA2 < v154+2V9A2 < 20190+ v15A2 < 2011 +Hv15A2 <
201904 v15A2 < 20134 015A2 < 2014+ v15A2 < v1+2015A2 < 20154+19A2 < 2015+ v3A2 <
2v15+v4A2 < 2v15+v5A2 < 2015+ 0A2 < 2v15+07 A2 < 2015+vsA2 < 2v15+v9 A2 <
v10+2v15A2 < v11+2015A2 < w12 +2015A2 < v13+2015A2 < vyt 2v15Av1 < V1AV <
v16 A vz < v16 A vy < v1g A U5 < w16 A Vg < v16 A U7 < v1g A vg < V16 Avg < v1g A vig <
V16 AV11 < V1 AV12 S V16 A V13 < V16 AV14 < U1 AV1s S V16 AV17 S U1 AV < V16 /A V19 <
V1 A V20 < V16 A1 < V1gN]1 < 2016A2 <2014+ v16A2 < vig+ 219 NA2 < vig+2v3N2 <
V16 +2U4 N2 S v16+205A2 < v16+206A2 < V16+207A2 < v16+208A2 < v1g+2v9 N2 <
2010 +v16 N2 < 2v11 +v1s A2 < 2012 +v1g A2 <2013 016 A2 < 2014 Fv16 A2 <
2015+ v16A2 S v1+2v16A2 < 2016+v2 A2 < 2016+03A2 < 2v16+v4A2 < 2v16+us A2 <
2016+ VA2 < 2v016+v7A2 < 2016+ V8A2 < 2016+V9A2 < v1g+2V16A2 < V11+H2v16A2 <
V19 + 2016 A2 <wvig+2v16 N2 <wvig + 2016 A2 < v15 + 2016 A v < v17 Avg < v17 Avg <
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v Avg S vir Avs S v1r Avg < vir Avr S v1r Avg S vt Avg S v Avig S vt Avpg <
v17 Av12 < V17 AV13 S 17 Avg < V17 Av1s S 17 Avie < 017 Av1g S U7 Avrg < 017 AU <
V17AV91 < v17AL < 2017A2 < 2014 017A2 < 0174+2 A2 < v17+203A2 < v7F+2v4N2 <
V17 +F205A2 < v174+206A2 < V174207 A2 S V17 +2V8A2 < V17 F+2V9A2 < 2v194+ V17 A2 <
2011 + 1T A2 <200 +v1r A2 < 2013+ 17 A2 <201y + 017 A2 < 2015 Fu1r A2 <
2016t 017 A2 S v1+2017A2 < 2017 +02 A2 < 2017+ 03A2 < 2017+ N2 < 2017+ 0542 <
2v17+vgA2 < 2v17+v7A2 < 20174 v8A2 < 2017+ v9A2 < w1942 v17A2 < v11+H2017A2 <
v12+2017A2 S w13 +2017A2 < v14+2v17A2 < v15+2v17A2 < vig+2vi7Avr < vi1gAve <
vig ANvg S v1g Avg S v1g Avs S v1g Avg < v1g Avg S vig Avg < v1g Avg < v1g Avyg <
v1s Av11 S V18 Avie S v1gAv13 S v1g Aviy < v1gAvis S v1g Avig < v1gAvir < v1g Avig <
v1g Av2g < V18 Av21 K1 AL < 2018A2 < 201 +vigAN2 < vig+212 A2 < g +203A2 <
V18+2 04 A2 < v18+205A2 < v18+2 A2 < 018+ 207 A2 < v18+2vsNA2 < v18+2 V9 N2 <
2010 +v1s N2 < 2011 +v1s A2 < 2019 +v1g A2 < 2013 + 018 A2 < 2v14 +v1g A2 <
20154 v18A2 < 201640182 < 2v17+v18A2 < 0142 0182 < 2018+ 1v9A2 < 218+ v3A2 <
20184+ v4A2 < 2018+ v5A2 < 2018+ A2 < 2018+ 07 A2 < 2018+ vsA2 < 2018+ 19 A2 <
Vg + 2018 N2 <011+ 2018 A2 < v+ 2018 A2 <wvi3+2vis N2 <vig + 208 N2 <
v15+2018A2 S w1 +2v18 A2 S w17 +2v18 AV < w19 Ave < v1gAvg < Vg Avy < vigAvs <
v19 AN vg < v19 A v < w19 Avg < w19 Avg < w19 Av1g < w19 Avir < v1g Avie < vig Avgg <
v19g Av1g < V19 Av1s S V19 Av1e < V19 Av17 S V19 Av1g < V19 Avgg S V19 Aver S U9 AT <
209 N2 <201+ v19 A2 < V1g+212 A2 < V1g+2v3A2 < V1g+2U4 A2 < vig+2v5A2 <
V19+206A2 < v194+207A2 < 019+2V8A2 < V19g+2V9A2 < 2v190+V19A2 < 2011 +V19A2 <
2019 + Vg A2 <2013+ Vg A2 <2014+ V19 A2 <2V15+vi9g N2 <2016+ vig N2 <
2017+ v19N2 < 2018+ V19A2 < V14+2v19A2 < 2V194+1V9A2 < 20194 v3A2 < 2v19F+V4N2 <
20194 v5A2 < 2019+ A2 < 20194+V7 A2 < 20194+ 18A2 < 2019+ V9 A2 < v19g+2v19A2 <
V11 F 2019 A2 <0124+ 2019 A2 <013+ 2019 A2 <wv14 +2vV19 A2 < w5+ 2019 N2 <
016 +2019A2 S v17+2v19A2 < V18 +2v19 AV < VAV < Va0 A3 < U Ay < V20 A5 <
v20 A vg < w20 A U7 < U9 Aug < vog A vg < w20 Avig < vgo Avir < w20 Avig < vy Avig <
V20 A 14 < 020 Av1s < 20 A V16 < V20 Av17 S U0 Av1s < V20 Av1g S U9 Avor S w0 A1 <
2090 N2 <201 +v90 N2 <2004V A2 < v04+2U3A2 < U0+ 2U4 A2 < vgg+2u5A2 <
Vo0+2 VA2 < V994217 A2 < v99+2 VA2 < V9+2 U9 A2 < 2v10+v20A2 < 20114V A2 <
2010+ v A2 <2013+ V0 N2 <2014+ V20 A2 < 2v15 +v99 A2 < 2016 +v9g A2 <
20174 v90A2 < 2018+ V202 < 2v19+v290NA2 < V142 v90A2 < va+2v90A2 < 2v90+v3A2 <
2090+ V4 A2 < 2090+ U5A2 < 2090+ 16 A2 < 2090+ 107 A2 < 2090+1g A2 < 2090+1U9 A2 <
Vg + 200 A2 <011+ 200 A2 <v19+2030 A2 <wi13+ 2099 A2 < w4+ 2090 N2 <
V15+2090A2 < 016+2V20A2 < V17+2V90A2 < V18+2 V0 NA2 < V19+2 V90 AV < V21 AUy <
v21 A w3 S w21 Avg S w1 Avs S w21 Avg S w21 Avr S va1 Avg < 091 Avg < w91 Avgg <
v21 A1 S w21 Avie S 21 A1 S w21 Aviy < U1 Avis S w21 Avig S v21 Avir S w21 Avgg <
V21 AV19g < 91 AV < V91 A1 <2091 A2 < 2014191 A2 < 2094191 A2 < w1 +2u3A2 <
V91 +2UN2 < w91 4+205A2 < w21 +20A2 < w1 +207 A2 <021 +208A2 < V91 +2v9A2 <
2010 +v21 A2 <2011 + 21 A2 < 2012+ 021 A2 < 2013+ 021 A2 < 2014 91 A2 <
2015 + 021 N2 < 2016 +v21 A2 <2017 + 021 A2 <2018 + 021 A2 < 2v19 2 A2 <
2020+t v21 A2 S v1+2v21 A2 < V2 +2v21 A2 < 2091 +v3A2 < 2021+ 04 N2 < 2091 +05A2 <
2091+ VA2 < 2021 +v7A2 < 2091 +08A2 < 2021 +UgA2 < 0104221 A2 < v11+H2v91A2 <
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Vg + 2091 A2 <0134+ 2091 A2 <014 +21231 A2 <wi5 +2v91 A2 < wvig+ 2091 N2 <
V17 + 2001 A2 < vig+ 2091 A2 <019+ 2001 A2 < vyg+2v91 AV <209 AV < 2v3Av1 <
20sNv <2vu5Av1 < 205NV <207 AV < 208Av1 < 209Av1 < 2010 A0 < 2011 A0 <

2vi2 Avp < 2vi3 Avp <204 Avp <2015 Avp <206 Avp <2017 Avp S 2018 Awvgp <
2vV19AV1 < 2090 AV < 2v91 Ay < 201 AV < 203NV < 204NV < 205AV0 < 2v6A02 <
2v7A\v2 < 2v08AV2 < 2U9Avs < 20190A V2 < 2011 AV < 2012AV < 2013AV9 < 204N <

2vi5 Nvg <2016 Avg < 2017 Avg < 2018 Awg < 2019 Avg < 2090 Avg < 2091 Awg <
201 ANvg <2 Avg <2v4Av3 <2v05Av3 < 2v5Av3 <207 Avg < 2usAvg3 < 209 Avg <
2vi0 ANz <2011 Awg <2012 Avg <2013 Awg < 2014 Awg < 2015 Avg < 2016 Avg <

2017 Avg <2018 A3 <2019 Avg <2090 Avg3 <2091 Ay <201 Avg <209 Ay <
203Ny <2u5Av4 < 2vV6AV4 <207 V4 < 208AV4 < 209 AV4 < 2010AV4 < 2011 A0 <

2019 ANy <2013 AN vy <2014 Avg <2015 Avg <2016 Avg <2017 Avg < 2018 Awg <
2vV19AV4 < 2090 AV4 < 291 AV5 < 201 AV5 < 209Av5 < 203A05 < 24 A5 < 206A 05 <
2vrA vy < 2vgAvs < 2v9Avs < 2v10A05 < 2011 A5 < 2019A05 < 2013AU5 < 204N 05 <

2015 Nvs <2016 Avs <2017 Avs <2018 Avs < 2019 Avs < 2090 Avs < 2021 Avg <
201 ANvg <209 A Avg < 2v3Avg <204 A0 <205 v <207 Avg < 208 Avg < 209 Avg <

2vi0 Nwg < 2011 ANvg < 2012 ANvg < 2013 ANvg < 2014 Avg < 2015 Avg < 2016 Avg <

2017 N vg <2018 ANvg < 2019 Avg < 2090 A vg < 2091 Avr <201 Avy <209 Ay <
2ugAvr < 2ugNv7 < 2v5Av7 < 2v6Av7r < 208 Av7 < 2vgAvr < 2019 Av7 < 2011 Ay <

2vig ANy < 2v13 Avy <204 Avp < 2015 Avy < 26 Avr < 2017 Avp < 2vi8 Awvp <
2v19A\v7r < 2090AV7 < 2091 Avg < 201 Avg < 219 Avg < 2ugAvg < 2vsAv8 < 2v5A 08 <
2veN\vg < 2v7Av8 < 209Avg < 20190AU8 < 2011 AVg < 2v10Avg < 2v13A08 < 214N 08 <

2vi5 Nvg <2016 Avg < 2v17 Avg < 2v18 Avg < 2v19 Avg < 2v99 Avg < 2v1 Avg <
201 ANvg <209 Av9 < 2v3Av9 <204 Av9 < 2v5Av9 <20 Av9 < 207 Avg < 208 Avg <
2v10 ANvg < 2011 Avg <2019 Avg < 2013 Avg < 2014 Avg < 2015 Avg < 2016 Avg <

2017 Nwg < 2018 Awg < 2019 Avg < 2w99 Avg < 2v21 Avyg < 201 Avyg < 203 Avgg <

2v3 ANvig < 2v4 Avyg < 205 Avg < 206 Avig < 207 Avgg < 208 Avgg < 209 Avyg <
2v11 Avp < 2012 Av10 < 2013 A 010 < 2014 Av1g S 2015 A 010 < 2016 A V10 < 2017 A V10 <
2v18 Awig < 2vi9 Awig < 2v90 Av1g < 2021 Awvrr < 201 Awvpp <20 Avir <203 Avpg <
2vg ANvir < 2v5 Awpr <206 Avrr < 2v7 Avpgp S 2vg Avigp < 2v9 Avigp < 2v0 Ao <
2vi2 Av1r < 2v13A 11 < 2vi4Av11 < 2015 Avn < 2vigAv1n < 2v17Avnn < 2vigAvgn <
2v19 A1 < 2v90 Avir < 2v21 Avig S 201 Avig S 202 Avig S 203 Avig < 24 Avgg <
205 Nz < 206 Az < 2v7 Avig S 2v8 Avig < 2v9 Avig < 2v10 Avig < 2011 Avig <
2v13Av12 < 2014 Av12 < 2015 Av12 < 2016 Avig < 2017 Av12 < 2018 Av12 < 2019 A 12 <
2u90 Nv12 < 2091 Av1g <201 Awvig < 2v Awvig < 2v3 Awvig <204 Avig < 2u5 Avgg <
2v6 Nv1g < 2v7 Avig < 2vg Awvig < 2v9 Awvig < 2v10 Aviz < 2v11 Az < 2019 Avgg <
2v14Av13 < 2015/ 013 < 2016 Av13 < 2017 Av13 < 2018 Av13 < 2019 A 013 < 20990 A 13 <

2091 Nv1g 201 Avg <202 Awvyg < 2v3 Avig <204 Avig <205 Avig < 206 Avg <
207 ANy S 2ug AN vy <209 Avig < 2010 Av1g < 2011 Avig S 2012 Avyg < 2013 Avgg <
2vis Av1g < 2016 A 014 < 2017 A1y < 2018 Av1g < 2019 A 014 < 2090 Av1g < 2021 Avps <

201 A1 <209 Avis <203 A 015 <204 A1y <205 Avis < 20 Avis < 207 A vy <
2vg N1y < 2v9 Avs < 2v10 Av1s < 2011 Avis < 2012 Avrs < 2013 Avis < 2014 Avgs <
2v16 Av1s < 2017 Avis < 2018 Av1s < 2019 Av15 < 2020 A 15 < 2091 Avig < 201 Avgg <
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209 ANv1g < 203 A V1 <204 Av1g < 205 AN v1g < 206 Av1g < 207 Avig < 208 A vig <
2v9 A1 < 2010 Av1e < 2011 Avig < 2012 Av1e < 2013 Av16 < 2014 AN 16 < 2015 A1 <
2v17 ANv1e < 2v18 Avig < 2019 Avig < 2020 Avie < 2021 Avir < 201 Avir S 2ua Avgr <

2vz3 ANvir <204 Avir <205 Avir < 206 Avir < 207 Avpr < 208 Avgr < 209 Avgr <
2vi0Av17 < 2011 Av17 < 2v2Avir < 2013 A 017 < 2014 Av17 < 2vi5Av17 < 2016 A 017 <
2vig A vy < 2v19 Ay < 2090 Av1r < 2v21 Avig < 201 Avig < 209 Avig < 2u3 Avig <

24 Nv1g <205 Awig < 205 Avig < 207 Awig < 208 Avig < 209 Avig < 2010 Avig <
2v11 Avig < 2v12Av18 < 2013Av18 < 2014 Avig < 2v15A 018 < 2016 Av1g < 2017 Avig <
2v19 Aw1g < 299 Aw1g < 2091 Avyg < 201 Avg < 209 Avig < 203 Avgg < 204 ANvgg <
2v5 Nv1g < 206 ANv1g < 207 Avig < 2vg Avig < 2v9 Avig < 2v19 Avg < 2v11 Awvgg <
2v12Av19 < 2013A 019 < 2014 Av1g < 2015A 019 < 2016 A V19 < 2017 Av1g < 2018 A9 <
2v90 Av1g < 2091 Aoy < 201 Avgg < 209 Avgg < 203 Avgg < 204 Awgg < 205 Avgg <
2v6 Nvgg < 207 Nwgg < 2vg Avgg < 2v9 Avgg < 2v19 Avgg < 2011 Avgg < 2012 Avgg <
2v13 A w20 < 2014 A2 < 2015 A v20 < 2016 Avg < 2017 Av20 < 2018 Avgp < 2019 Avgg <
2091 Nwo1 <201 Awop <202 Awgy < 2v3 Awvgg <204 Avag <205 Avgg < 206 Avgp <
2v7 Avgr < 2vg Awgp < 209 Awvgy < 20190 Aver < 2011 A < 2012 Avey < 2013 A gy <

2v14 N1 < 2015 Away < 2016 A vy < 2017 Away < 2018 A vy < 2w19 Away < 2w

4.2 0059

Assumptions:

V1 <V AV <U3AVv3 <UgANvg <vsANvs <vgN\vg <vrAvr <vgAvg < vgAvg <
V10 A\V10 < V11 AV11 < V12 AV12 < V13AV13 < V14 A\V1g < V15 A V15 < V1 N\ V1g < V17 AV17 <
V18 A V18 < V19 A\ V19 < V20 A V20 < V21 Av21 < V22 AV22 < V23 AV23 < V24 AV2q < V25 A V25 <
V26 A2 < V27 AV27 < V28 AV2g < V29 A\U29 < U390 A V30 < V31 Av31 < U32Av3g < v33A\v33 <

V34 A V34 < U35 A U35 < V36 A V36 < V37 AUzr < U3g A\ U3g < U39 A\ U3g < Vg0 A Vi < V41

Hypotheses:

V1 < V41

4.3 Capital taxes in the NGM 0051

Assumptions:

Vo1 — U5 = Vg A V21 U7 — V21 + U5 + 06 =0 Avr — 1 # 0 Avigus +vav91 =
V12 A V10 V21 — V10 Vs + V11 V19 — Vg = 0 A —Ug Vo2 — V20 v3 = 0 A vz # 0 A —v10 v15°v22 U —
V11 V152090 Ug + V10 V152022 + V11 V152V20 — V11 V13 V16 + V11 V14 V15 — V13 V17 Vg + V15 V16 Vg =

0 Avis? # 0 Avgvag + vaav3 = 0 A g # 0 A v1g V23 V7% 4 V11 V22 V72 — 2010 Va3 V7 —

2 V11 V22 V7 + V10 V23 + V11 V22 — U5 — Vg :0/\(1)7— 1)2 Z0N0 < v A0 < A0 <3N0 <
v N0 <vis A0 < — (*1}13 V16 + V14 U15) 1)152 ANO < — (*Ulg V17 + V15 1)16) U152 N0 <
VIsANOD <vig AND <V AD<u ADO<u5 A0 <wpAvy <1Avg<1Aviz<0Avy <
0Av17 <OAvy <0Avg+vi6v19 (1 —v8) +v15v20 (1 —v8) <O Awvaz <O

Hypotheses:

v19 < 0
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4.4 Supply-Demand Scenarios 0012
Assumptions:

vo =0Avg=v3Av9g=1Av1g=1Av1v9 4 V11 V5 =v7 AV11 Vg + Vg Vg =
vg AV1g V3 + V12U5 = U7 AVigU4 + V1206 = Vs A V12 < OAvr <O0Avp <0

Hypotheses:

0<wvyVur <wg

4.5 NGM: Slope of the stable manifold 0026
Assumptions:

v11 = 0A v V92 + 9003 = V1o AD < V1 AD <V A0 <v3AD<v5A0 <4 A0 <vig N0 <

Voo ANO < v AO<S U A0 <3 Avg <1AVvy <1AVa<O0AVI3<O0AVIE <OAV <

0 A w24 < 0Av14v22 V6 — V11 V16 — V14 V22 + V14 V4 + 014 V5 = 0 Avig # 0 Avg Vo3 — 21 v3 =

0N U3 7& OAN —’U1421)21 v7 Vg + U142U21 V9 — U142’U23 V7 — V12 V15 V9 — V12 V16 Vg + V13 V14 Vg +
111421)23 4+ via 158 =0 A ’1)142 Z 0Avavog + V3V 03 =0 A vy # 0A —V14 V17 V22 Vg Vg —

V14 V18 V22 Vg Vg + V15 V16 V22 Vg Vg + U162U22 Vg Vg — V14 (]- - UG) V16 V23 V9 + V14 V17 V22 Vg —
V14 V17 V4 Vg — V14 V17 U5 Vg + V14 V18 V22 Vg — V14 V18 VU4 Vg — V14 V18 U5 Vg — V15 V16 V22 Vg —
V15 V16 U4 Vg + V15 V16 Us Vg — V167V22 Ug — V16°V4 U8 + V16705 U8 — V14 (1 — vg) V16 vag =

0OA U162 75 OND < — (—Ulz V15 + V13 U14) 1)142 AN < — (—1}12 V16 + V14 U15) U142

Hypotheses:

vg < 0

4.6 Vector mode: Variance of a sum 0076
Assumptions:

vg=vr+vs A0 < (—v7+x)(—vs +9)
Hypotheses:

(—v7 4+ 2)* < (—vg + x +y)?

4.7 Vector mode: Variance of a sum 0077
Assumptions:

vg =07+ g AL < AO<wvs Av2? <v1ug A0 <wgAwvg? <wvyvgAvs? <
’1)4126/\(—’1)11)71)8+’l)21)8+1}37)7—1)5)1)1 <0V —vivrvg+vovg+vsvr—vs =0Av; #0

Hypotheses:
(’Ul U72 — U U92 —2v07 +2v2v9 + 2v3 V9 — 2vV5 — 'Uﬁ) v <

0V v v72 — v 092 — 20307 +2v9vg + 2v309 — 205 —vg =0 A vy # 0
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4.8 A semialgebraic economy’s Laffer curve 0057
Assumptions:

U72 = U13/\U82 = U23/\27U133U7 = 8/\27U143Ug =8 Avi3 (1 —U15) =
v5 A\ V13 (1 —1)15) ('1)7—1)8) =01 — U4 N\ V14 (1 —1)16) = vg N\ V14 (1 —1)16) (—U7+7)8> =
Vg — U3 AN V14 V168 = V1301507 A0 < v A0 < v A0 <vr AO < vg Avie <vg Avyp <
V10 N0 < (—v1+03)(v11—v9)/\0< (—010+012)(—v2+v4)/\0<1}13/\0<’U14/\0<
V15 A V15 < V1 N\ V16 < 1/\U8?£U7

Hypotheses:

V10 < Vg

4.9 Industry Equilibrium: Marshall’s Law 0065
Assumptions:

—v3v5vs +v1v4 =0Av3v8 0N —v3vgvs +v2v7 =0Av30v8 #0Ave =
0Av12v16 — V13 V16 — V10 +v9 = O0Av12 —v13 # 0 Avi7v7 = v3 Avig = Vg A —V1 Vg + V19 =
0NV ZOA—v1gv2 +v20 =0Ava #O0A —v11v3+v21 =0AV3 #O0OA —vi2 Vg + Vo2 =
OANvg#OAN —vigvr + 0933 =0Avr ZOA —v1408 +v24g =0 A vg # 0 A vogug =
V1 A V17 U7 U8 — V26 V4 Vg — V2 U7 = 0 Av7 # 0 A v17 V23 U7 + V22 Vg U7 — V23 V26 Vg — V21 V7 =
0Av7 #0A —v15018 + varv3 = 0 Avig # 0 A w21 Va7 = V24 A V1 V19 V25 + V1 V20 V28 —
V19 V2 Vg — V1 V2a = 0AV1 # 0AV2g U2g V7 Vg — 23 Vag V4 Vg + Va4 Vo6 V72 — 19 V72 = OAv7? #
0 A V17 V24 V7% — V22 V2g V4 V7 Vg + Vag Vag V42Vs — Va4 Va6 V4 V7% — Vg v70 = 0 A7 # 0

Hypotheses:

V13 (1115 Ve — V16 U5) = V10

4.10 NGM: Permanent government purchases 0055
Assumptions:

v3=1Ava4=1Av5s =0Av9g =0Av12V7 + V1405 =V + V3 — V5 + Vg A V13 Vg + V15 Vg =
Vg + Vg — Vg A —U1 V27 U312 4 V15 V2 Vag V31 + V15 V26 U3l Us + V18 Va4 V31 V6 — V25 V31207 —
201 V27 V31 + V15 U2 V2g — V15 V24 Vg + V15 V26 Ug + V18 V24 Vg + V2 V28 V31 — 2 V25 U31 U7 +
Va6 U31 Vg — U1 Va7 + U2 Uog — V24 Vg — Va5 U7 + ag vs = 0 A (1 + v31)? #
0A—v16 V232032 V7 —V10 V12 V232 + V16 V2307 — V1 V19 Va7 + V1 V23 Va5 —V1g V25 Ut + Va1 Uag U7 =
0 A vaz? # 0 A w16 vag V32 U7 + V10 V12 V29 + V12 V32 U7 =
V3A—V17 V242 V33 Vs —V11 V13 V242 +017 V242 U8 — Vg Va0 Vag U2 Va4 Va6 —V20 V26 Vg +V22 V24 Vg =
0/\’0242 75 0OAv17v30V33 V8 + V11 V13030 + V13U3308 = U4 A0 < v12 AD<wi3 A0 <
Vis N0 <3 A0 <wyy ANO < —(—U197)25 +7)211)23)U232 A0 <
— (—v20 V26 + V22 V24) V24 A 0 < V21 Vo7 — V257 A0 < — (—v19 Va7 + V23 V25) V232 A 0 <
V99 V28 — 7)262 ANOD < — (—222() V98 + V24 1)26) 1)242 ANO < v ANO < vigve9 +v12 A0 <
V30 N0 < vi7v30 + Vi3 A —1 <31 Avig < 0Avg < OA v < O0Av <O0Ave < 0Avy <
ONvg <O0Av39 <1Av33 <IN <3N0 <wv33AV0<0AVI1 <0AVIg<0AVI7 <0
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Hypotheses:

0<wy

4.11 NGM: Temporary government purchases 0053
Assumptions:

v7 =0Av1g=0Avi2v9 +vi3v7 = 1 + vg — V7 + Ug A V21 V4%V9 + Va2 V42V6 — V17 V4 VS +

2v21 V4 V9 + 2 V92 Vg Vg + V10 V14 — V17 V8 + V21 Vg + V22 Vg :O/\(l—i-v4)2 #

0 A —v15 V20209 + V18 Va1 Vg + V18 V22 Vg — V19 V20 Vg — V20 V21 Vg = 0 Av20% # OAD < v AD <
V3N—1 < ANO<v1 ADO< V9 ANDO<vi3AD<vig AD < vi5v3+ V12 A0 < AOD <
— (—v18 V21 + V19 v20) V20° A 0 < V19 V22 — V212 A0 < — (—v18 V22 + V29 Va1) V202 A 0 <

Vo ANVs <1AVg<OAVIT<OAVIg<OAVIg<OAVR <O0AD<v5AvI5<0

Hypotheses:

O<vg AN —-1<vg N0 <vi2vgAvg <O0OAvg<O0OAvI2U79 <1

4.12 NGM: Temporary government purchases 0054
Assumptions:

v8 = 0Av11 =0Av1gVI12V4 — V19 V13 V3 + V13 V4 V8 — V4 V7 + Vg4 U8 — Vg4 V9 — Vg = 0 A vy 75
0 A w10 v20 V5% 4 V21 V5207 4 210 V20 V5 — V16 V5 Vg + 2 V21 Vs V7 + V10 V20 + V11 V14 —
V16 Vg + V21 v7 = O A (1 +v5)° # 0 A —v1g v15 V192032 + V10 V17 V20 V4® — V10 VI8 V19 V4 +
V15 ’U192’U3 V4 V] + V17 V21 ’U437J7 — V19 V2 U43U7 =0A ’U192’U43 Z0N0<u A0O<wv3 A0 <
UN—1 <5 N0 <vps ANO<wvizgA0< —(—v12v4—|—v13v3)v4/\0 <vpu N0 <vgN0 <
— (—v17v20 + V18 V19) V192 A 0 < V18 V21 — V202 A0 < — (—v17 V21 + V19 V0) V192 A 0 <
v Avg < 1IN0 < —1)151)321)43/\0 < —vi5Nvig < 0Av17 < 0Avs < OAve < OAD < vg

Hypotheses:

O<vipAN—1<v7 A0 —(—U10U12U4+’U10’U13U3 —’013’0408)04/\’07 <0ANAvg <O0A0<
—U4 (010 V12 V4 — V10 V13 U3 + V13 V4 Vg — 274)

4.13 NGM: The government purchases multiplier 0027

Assumptions:

18 =0AN0 <V ANO<v3 A0 < ANO<vgv9 N0 <vigANO <
V2 A—010 V3 U7+ V10 V4 U6+ 04 U7 Vg — V4 U5 — Vg = 0Avs 7# OA—011 V3 V7411 V4 V6 —Vs%V8 =
0 A vs? # 0 A —v11 V14203207 4 V11 V14203 V4 V6 + V12 V15 V4307 + V12 V16 V4P U5 —
V13 V14 V4507 — V14 V15 04505 = 0 A v1g?043 A OA 0 < — (vigv3 — V4vg) V4 A O <
— (—v12v15 + V13 v14) V14° A0 < — (—v12 V16 + V12 V15) V142 A0 < —v11 V32U A0 < —v11 V4

Hypotheses:
0<vsANO<vrA—1<wvs A0 < — (vigv3V7 — V1o V4V — V4 V7 V9) Vg Avs < OAOD <

— (—v10 V3 V7 + V10 V4 Vg + V4 V7 Vg — V4) Vg
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4.14 NGM: The government purchases multiplier 0028

Assumptions:

vg =0Av11 =0A VU2 Vg — V10 V13 U3 + V13 V4 U8 — Vg U7 + Vg U8 — Vg Vg — Vg = 0 A vy #
0 A v10 V20 V52 4 Va1 U52v7 + 210 V20 V5 — V16 V5 Vg + 2 V21 U5 U7 + V10 V20 + V11 V14 —
16 V9 4 V21 v7 = O A (1 + v5)% # 0 A —v10 V15 V19203 + V10 V17 V20 V4° — V10 V18 V19 V4> +
V15 7)1921)3 V4 V8 + V17 V21 ’1)431)7 — V19 V20 1)431)7 =0A 1)1927)43 Z0N0<v A0O<wv3A0<
UN—1<uv5AN0<vpm A0 <vizgA0< —(—U12U4—|—U13U3)U4/\0 <vpu N0 <vgN0 <
— (—v17v90 + V18 V19) V192 A 0 < w18 Va1 — V202 A 0 < — (—v17 V21 + V19 V20) V192 A O <
v ANvg < 1IN0 < —U15U32U43/\0 < =54 Avig < 0Av17 < 0Av1g < O0Ave < O0A0D < vg

Hypotheses:

O<vipAN—1<v7 A0 —(—v10v12v4+v10v13v3—v13v4vg)v4/\v7 <0Avg<OAO0<
—vg (V10 V12 V4 — V10 V13 U3 + V13 V4 Vg — Vy)

4.15 Supply-Demand: Becker irrational demand 0018

Assumptions:

Vg = V1 AU3 U5+ V4 U7 = U1 AV3 V644 V7 = V1 AV3Vg+V4 V8 = V9 A0 < v3A0 < vgAvg < Us
Hypotheses:

7 < v8

4.16 Supply-Demand: Determinants of quantity 0001

Assumptions:
v <OANO<vg AOD <vgAvovg+v3v8 =vaAv1v5+v3vr =v4ANvg=1Av5=1
Hypotheses:

0< v

4.17 Supply-Demand: Determinants of quantity 0004

Assumptions:
vs =1 Avg=1Avivs+v3v; =04 ANvavg +v3vs =04 A0 <wvgAvy <0
Hypotheses:

O<viVO<wvViyy <0
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4,18 Supply-Demand: Determinants of quantity 0009
Assumptions:

vs =1ANvg=1Avivs+v3v7 =04 ANvavg+v3vs =04 A0 <wvgAvy <0
Hypotheses:

0<muVvi <0V <0

4.19 Supply-Demand: Global demand analysis 0074
Assumptions:

U5:U2/\U6:1}3/\0<(’05—1}6)(’07—1}8)/\03<1}4/\(U1—’U3)(U7—’Ug)<
OA (vg —vq) (v7—w8) <0

Hypotheses:

vg < U7

4.20 Supply-Demand: Krugman scenario error 0013
Assumptions:

vo=0Av4s=v3Av9g=1Avig=1Av]v9g+ V11V5 = V7 ANV11Vg+ V2 V9 =
vg A V10 V3 + V12U5 = V7 AvV1gVs + V120 = 08 AND < vig Avs < O0Avy <0Av1 <0

Hypotheses:

vy < 2vg Avg <0

4.21 Vector mode: Consumer Theory Adding Up 0080
Assumptions:

Vo5 =0AvVIvg =05 A0 < v AD < vy
Hypotheses:

v9 =0

4.22 Industry Equilibrium: Adding up for factor shares 0063
Assumptions:

—v3v5vs +v1v4 =0Av3v8 0N —v3vgvs +v2ur =0A w308 #0AVrv9 =
v3 Av1gvg = U1 A —V19 V4 Vg + vy vg Vg — v v7 = 0 A vy £ 0

Hypotheses:

1)6:1—'05
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4.23 Industry Equilibrium: Input and output quantities 0064

Assumptions:

—v3v5vr + V14 =0Av3v7 ZO0Av] =0A Vv =v3 A —v1v8+v15 =0A v #
OA—vovg+vig=0Av2 ZEO0A —vigvs+v17 =0Av3 #AO0A —vi1vg+v1ig =0 A vy #
OA —v1avg +v19 =0Avg ZOA —vi3v7 +v20 =0A V7 # 0 Avegvr =
V1 A 14 Vg U7 — V22 V4 V7 — V2 V6 = 0 Avg # 0 Av1 015 V21 + V1 V16 V23 — V15 V2 V23 — V1 V20 =
0 A vy # 0 A v1g V24 Vg U7 — V19 Vg Vg U7 + V20 Va2 V6> — V15 V6> = 0 A vg> #

0 A 014 V20 V6> — V18 V24 V4 V6 V7 + V19 Vg V4207 — V20 V22 V4 V6% — V16 V60 = 0 A v # 0

Hypotheses:

V13 = Vs (7)8 — ’Ug) + V9

4.24  Industry Equilibrium: Prices and factor costs 0061

Assumptions:

—v3v5 Vg +v1vs = 0Av3vg £ 0N —v3v6 Vs +v2 U7 = 0Av3 Vg # OA—v3vg+v13 = 0AU3 #
OA—vigvg+ 014 =0Avg ZOA —v1107 +v1i5 =0Av7 #0Avigvg = v1 A Vg U7 U —
V16 V4 V8 — V2 U7 = 0 A v7 # 0 Avi2 V15 V7 + V14 V16 V7 — V15 V16 V4 — V1307 = 0 A vy # 0

Hypotheses:

V1 V6 + V10 V5 = Vg

4.25 Jehle and Reny Theorem 3.1 with three inputs 0056

Assumptions:

V1 V4 + 206 + V305 =0 A vV +v19U5 +Fvgvs =0 Av3v] +vigve +v11vs =0A0 <
NAO<vs AN0O<wvgAO <7)7/\0<U9/\0<1)12/\U11U122+U47)92 <
201203 Vg A V102v12% + 2011 V12 V2 U7 + V22092 + v32vr? < 20 (vipvi2 + v3v7) Vg +
v12 (2v10 V3 V7 + V11 V12 Vs — 203 V8 V) + vy (—2v10 V7 Vg + V11 V72 + Vs V9?)

Hypotheses:
v9? < wgvg Az < vig g Avi? < vigvg A2v19v2v3 <
v10%vs + V3208 + v11 (v2? —vavs) Avg <OAvg <0OAw <0
426 NGM: Capital taxes reduce steady-state capital 0022
Assumptions:

V91 — U5 = V4 A V21 V7 — V21 + U5 + v = 0 Avy — 1 # 0 Avigvz + v2v21 = v12 A V19 V21 —
V10 V5 4 V11 19 — V9 = 0 A —v2 Va2 — 20 V3 = 0 Avg # 0 A —v10 V152022 Vs — V11 V15°V20 Vs +
V10 U152U22 +v11 U152U20 — V11 V13 V16 1 V11 V14 V15 — V13 V17 V9 — U152U19 + V15 V16 V9 =
0/\1)152 7'&0/\1)27)23—1)221)3 =0Av #0/\?)107)23—1—7)111)22 =0A0< v ANDO< v AND <
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30 < v A0 < vV15A0 < — (—1)13 V16 + V14 7)15) U152/\0 < — (—1113 V17 + V15 UlG) 7)152/\0 <
VISANOD < Vg AND <V ADS Uy ADO < u5 A0 < v Avy <1Avg<1Aviz<0Avy <
0Av7 < OA vy < 0Avig + vig V19 (1—vg)+v15v20 (1—?)8) <0Awv3 <0

Hypotheses:

v10 < 0

4.27 NGM: Capital taxes reduce steady-state consumption 0023
Assumptions:

V91 — U5 = V4 A V21 V7 — V21 + U5 +v6 = 0 Avr — 1 # 0 Aviguz + v2v21 = v12 A V1o V21 —
V10 V5 4 V11 19 — V9 = 0 A —v2 a2 — 20 V3 = 0 Avg # 0 A —v10 V15222 Vs — V11 V15°V20 Vs +
V10 U152U22 +v11 U152U20 — V11 V13 V16 + V11 V14 V15 — V13 V17 V9 — U152U19 + V15 V16 V9 =
0/\1)152 Z0Avav23 — V203 =0Av3 Z0Avguas + V11022 =0A0 <1 AD<wa A0 <
v3A0 < vg A0 < v15A0 < — (—’013 V16 + V14 1)15) 11152/\0 < — (—Ulg V17 + V15 U16) 1)152/\0 <
VIsANOD <vig AND <Vl AD<yu ADO<u5 A0 <wpAvy <1Avg<1Aviz<0Avy <
0Av17 <OAvy < 0Avg+v16v19 (1 —v8) +v15v20 (1 —v8) <O Awvyz <O

Hypotheses:

v9 < 0

428 NGM: Labor tax impact with separable production 0024
Assumptions:

VgV — V19 + g+ 05 =0Avg—1#0A0< —(—v11v15+v13v14)0132/\0<
— (—v11 V14 + vi2v13) vig? A —v10 V13%V18 U7 — V132020 VT Vg + V10 V137 V18 + v13ZU20 VY —
v_8 V11 V15 — V10 V11 V14 — V10 V12 V13 — 0132017 —v13v1408 =0 A 1)132 -
ONv_17v10+v19V9 —v4v9 —vg = 0Aveg = 0AVIgU20+ V219 = 0A0 <V AD <2 A0 <
v3A0 < v5A0 < v13A0 < V1gA0 < V17 AD < Vg AD K VA0 < vgAvg < 1AV < TAw <
O0AvVI2 <O0Av5 <0Awvig <O0Avg+ vigviy (1_U7)+U13U18 (1—7)7) <0Awvy1 <0

Hypotheses:

v9 =0A v <0

4.29 NGM: Labor tax impact with separable production 0025
Assumptions:

U19U6—’U19+’U4+U5IO/\U6—1§£0A0< —(—v11v15+v13v14)0132/\0<
— (—v11 V14 + vi2 v13) vi3? A —v10 V13ZV18 U7 — V132020 VT Vg + V10 V132 V18 + V13ZU20 VY —
v_8 V11 V15 — V10 V11 V14 — V10 V12 V13 — 01321717 —v13v1408 = 0 A U132 #
OANv_17v190+v19V9g — V4 V9 —v8 = 0Av9g = 0A VgV +v21 V9 = 0A0 < V1 AD <2 AD <
v3A0 < v5A0 < v13A0 < v16A0 < V17 AD < Vg AD K VIAD < vgAvg < 1AV < TAw <
O0AvVIa <O0Av5 <0Awvig <O0Ave+ vigviy (1—1)7)+1)131)18 (1—1)7) <0Awv <0
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Hypotheses:

vg < 0

430 NGM: Signing the impact of purchases on labor 0030

Assumptions:

v9g = 0 A V11 V4V8 — V12U VU8 + V12 V4 V7 — V4V — Vg = 0 A vy 75
0 A —vi3v3v8 + V13 V4 V7 — U42’U9 =0A U42 # 0 A vigv1t 1}43 — V10 V12 V3 ’U42 +
V11 V4205 V8 — V12 V3 V4 V5 U + V13 V3205 Vg — V13 U3 V4 U5 U7 — V4% = 0 A vg? #
0 Awvigvrn U162U43 — V10 V12 U162U3 U42 + v13 U162U32U5 Vg — V13 U162U3 V4 U5 U7 —
V13 V16203208 + 013 V16203 V4 U7+ V14 V17 V4308 + 014 V18 V4306 015 V16 V4 08 — V16 V17 V4306 =
0/\U162U43 750/\0<’U1/\0<U3/\0<U4/\0 <vigNOD < v ADO< v AD <
— (—1)11 V4 + V12 1)3) v N0 < — (—1)14 V17 + V15 1)16) ’0162 A0 <
— (—U14 V18 + V16 U17) U162 ANDO< v Avy <1A0< —vi3 U32U43 N0 < —viz3vs A0 < v5

Hypotheses:

2 2 2
vg = 0 A =010 V11 V16704 + V10 V12 V167 V3 + V14 V18 V4 — V16 V17 V4 = 0 A v167v4 # 0V 0 <
2 2 2
— (V10 V11 V16°V4 — V10 V12 V16°U3 — V14 V18 U4 + V16 V17 Us) U8 V16" U4

4.31 NGM: private and public consumption as substitutes 0052

Assumptions:

vy =v3NANvg=0ANv9g=0Avig=1Avi1 =1Avia=0Avi3=0Avuv3—viyu—v4+1=
ON =14 v3 750/\1)14:1)10/\1}15 =0Av16=0Av1g=0Av19g=0Av9g =0Av2 =

0 Awye =v5Avge (1 —v3) =wa3 (1 —wg) A —vi9v26 + (1 — v3) (vor (v6 — v8) + v2g v8) =
—v14v23 + (1 — vyg) (v24 (v6 — vg) + V27 U8) A —v18 V26 — V10 (V27 (1 — v7) + V29 v7) +

(1 = w3) (=17 var + v17v29 + (1 — w7) (V28 (V6 — v8) + V30 v8) + v7 (V30 (V6 — V8) + V31 V8))—

(var (ve — vg) + V29 Vg) Vg =
—v20 23 — V14 (V24 (1 —v7) +v27v7) — V13 (V24 (V6 — V) + V27 vg) +

(1 — 7)4) (—7)17 Vo4 + V17 V27 + (1 — 1)7) (2)25 (1)6 — 7)8) + V98 7)8) + v7 (vgg (1)6 — 1)8) + v30 7)8))/\

V10 V34414 V32 + V37 Vg = V23 (Vs — Ug)+V2p Vg AU20 V32 +V18 U34 +V14 V38 +V10 V39140 V6 +
v13 (V10 V35 + V14 V33 + V38 V) + (V10 V36 + V14 U35 4 U39 V) Vg = —V17 Va3 + V17 V26 +
(1 — ’U7) (1)24 (’U6 — Ug) + Vo7 ’Ug) + vr (U27 (’06 — Ug) -+ V29 Ug) ANvg <1 A0 < A0 <

V29 A0 < va3 A0 <wg AD < w7 AD < 1)241)29—1)272/\1)3 <1Avg <1Av9y <0Awveg <0

Hypotheses:

v3g +v39 =0
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4.32 Supply-Demand: The missing Krugman condition 0016

Assumptions:

vo =0Av3=v1 Avg=v3ANv9g=1Avig=1Av1v9+ Vi1 V5 = V7 A V11 Vg + V2Vg =
vg A V10 V3 + V12 U5 = U7 A Vg U4 + V1206 = s A0 < v AD <wio Avyp <0

Hypotheses:

0<v7TANVT <208 N2v6 <vdV —vll <wvi2

4.33 Vector mode: Constant absolute risk aversion 0082

Assumptions:

ve =v3 Av; (=14 vi0)vs+ (1 —2v19) v +v10v8) =0AN0< v A2vs < vg3+v5 AO <
VAANO<vrAvsZ <wvgvr AD < wg Avz? < wvaug AvgZ < vgv9 A vg? <
U7 Vg /\7)522)9 +1)62U7 < 2v5vgv8 + Vg (1)7’1)9 — 1282)

Hypotheses:

1}1020

4.34 Vector mode: Constant absolute risk aversion 0083

Assumptions:

v —vg =0Av1v2 #O0Avgv3 —2v1006 + V1008 — V3 + V6 =0Ava Z0A0< v AD<
Vg A0 < wvivg (V3 —2v6 +Ug) AOD <129 AT < A0 < g AD < wrp Aws? <vgop AD <
vg Av3? < wvavg Avg? < vavg Avg? < vrvg AvsPug + v62vr < 205 v6 vs 4 va (V7 Vg — vs?)

Hypotheses:

Ul():O

4.35 \Vector mode: Constant relative risk aversion 0084

Assumptions:

VU3 (U10U2+U205—2U208—1}5+1}8):0A011147é0/\
v3 (V1 V10 V12 V3 + V1 V12 V3 V5 — 201 V12 U3 U + V1 V1o U2 + V1 V2 U5 — 201 V2 Ug — V1 U5 + V1 Ug + V10 V2 + V2 Vs
0/\?}1’1)47&0/\0<U1/\0<’U3/\1S’U4/\0§’U6/\0§'I}9/\U72SUG'I}Q/\OSUH/\’U52 <
v11 04 A vs? < v11 vg A vig? < w11 vg A v11 V72 + vg%vg <
2v19 v7 U8 + Vg (—v102+v11v9)/\v32v4 (vip+vs —2v8) <OANOD<wa Avy <1

Hypotheses:

1)12:0
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4.36 Vector mode: Hicks' generalized law of demand 0078

Assumptions:

0 < v1A0 < v1gAvs? < 1 v19A0 < Vs AV < V1 V5 AVT? < V1 Vs AVL V72 H V10 V22 FusPus <
V1 10 V542 v9 4 v7A0 < vgAv3Z < V1 VA2 < V1g VsAVEE < Vs Vg AV Vg2 +va2vgtusiug <
v1 V5 Vg + 2 V2 03 U6 A V1 V9% 4 V10 V3% + va?vs < v1 V19 Vs + 23 V4 Vg A V1 V10 V6 +
V10 U221)8 + 1 U72U8 + v1 U5 U92 +2vy4 (v3 (—v5v9 +v6v7) + V2 (Vgvg — V7 V8)) <
v3? (—viovs + 1172) + v V10 V5 Vs + V4> (—vsvg + U62) + 2 vy V6 v7 Vg + V22ug? +
2v9 V3 (Ulo Vg — U7 ’Ug) A V10 1)62 + 1)721)8 < 2vg v7 V9 + U5 (7)10 Vg — 1)92) Avg < vz Avg < vy

Hypotheses:

vo +v9 < v3 + vy

4.37 Vector mode: Progressive policy and inequality 0079

Assumptions:
v3v] < vs A0 S’U12/\OSU4/\O S’Uﬁ/\’ug2 SUQU@/\’U52 < v4 Vg
Hypotheses:

2v5 < 20301 + vg

4.38 Vector mode: Risk aversion reduces investment 0086

Assumptions:

V19 V19 + V19U — 201908 — V2 + V7 =0AV] FOAO <AL < A0O<wvs A0 <L
vg As? <wvgvg A0 < vz Avg? < vz s Avio? < V139 A vi3 052 + ve2ug <
201005 V6 + V1 (—v10% + v13v9) A0 < v16 A v2? < vy v1e A vr? < vigvs Avpg? <
v16 V9 A 0142 < V13 V16 A V16 V52 + V7209 < 2011 U5 V7 + vy (—v112 + V16 V9) A vi1vg Vg +
v102v16 V4 + V13 V16 V52 + V14204 v9 + 2v7 ((v1p V14 — V11 v13) Vs + v (Vg V11 — V14 V) <
2010 V11 V14 V4 + V142052 4+ 2 (V19 V16 — V11 V14) V5 V6 + V13 V16 V4 V9 + V72 (V102 — V13 V9) +
v62 (V112 — V16 V9) A V13 V7% + V16 V6 <
(v13 V16 — v14%) V4 +2 V14 V6 V7 AV10?V16 + V112013 < 2010 V11 V14 + (V13 V16 — V142) V9 AD <
vig A v3? < v1 vig Avs? < vigvg A via? < vigvg A vis? < vigvis A vir? <
V16 V18 A V18 V5> + V3209 < 2019 V5 U + Vg (—v122 + v18v9) A V122013 V4 + V10%V18 V4 +
V13 V18 V52 4 V15204 Vg + 203 ((v10 V15 — V12 V13) V5 + Vs (V1g V12 — V15 Vg)) <
2010 V12 V15 V4 + V152052 4+ 2 (V19 V18 — V12 V15) V5 V6 + V13 V18 V4 V9 + Vs (v10? — V13 V9) +
vg? (1)122 — V18 U9) A v122016 V4 + V112018 V4 + V16 V18 V52 + V17204 Vg +
2vg ((v11v17 — v12v16) U5 + U7 (V11 V12 — V17 Vg)) <
211 V12 V17 V4 + V172052 + 2 (V11 V18 — V12 V17) Vs V7 + V16 V18 U4 Vg + vg? (11112 — V16 09) +
v7? (v12% — v1g v9) Av13 vs® +v18 V62 < (V13 V18 — V152) Va+2 V15 V6 v AV10° V18 +V122V13 <
2v19v12 V15 + (Vi3 V18 — 0152) V9 A V152016 V4 + V13 V17204 + V142018 V4 + V16 V18 V62 +
2 ((viav17 — v15 v16) V6 + (—V13 V17 + V14 V15) v7) V8 < 2014 V15 V17 V4 + V13 V16 V18 V4 +
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v17206% + 2 (v14 V18 — V15 V17) V6 U7 + (—vigvig + ’0152) vr? + (—vizvie + 7)142) vg? A
2012 (V11 (—v13v17 + via v15) + V10 (V14 V17 — V15 V16)) + V10°V16 V18 + V152016 Vg +
v13 V17209 + V142v18 Vg < V12> (—1113 V16 + 11142) + 102017 + 112 (—7)13 v18 + ’0152) +
2v10v11 (V14 V18 — V15 V17) + 2 V14 V15 V17 Vg + V13 V16 V18 Vg A V16 Vs + V18 U7> <
(vi6 vig — 1)172) v + 2v17 v7 V8 A vi12v1s + vi22v1e < 2v11 V2 V17 + (vi6 vig — 0172) vg A\
v14%018 + v152v16 < 2014 V15 V17 + V13 (V16 V18 — V172) A 2011 V19 V14 V15 Vg +
V122013 V16 V4 + 2010 V12 V14 V17 V4 + 2010 V11 V15 V17 V4 + 0112013 V18 Vg + V102016 V18 V4 +
2014 V15 V17 Us? + V13 V16 V18 Vs> + 2 V12 V15 V16 Us V6 + 2 V10 V17205 Vg + 2 V11 V14 V18 U5 V6 +
2011 V12 V17 U6? + V157016 V4 Vg + V13 V17204 Vg + V147018 V4 Vg + V16 V18 V62 Vy +
208 ((v12 (—viz3v16 + v14?) + 11 (V13 V17 — V14 V15) + V1o (—V14 V17 + V15 V16)) V5 + V7 (—V10 V12 V14 + V11 (5
2v7 ((U12 (vigvi7 — via v15) + V11 (—U13 v18 + U152) + v10 (V14 V18 — V15 1117)) U5 + Vg (U1221114 — 12 (vip V17
V122014204 + V112015204 + 2010 V12 V15 V16 V4 + 2 V11 V12 V13 V17 V4 + V102 V17704 +
2010 V11 V14 V18 V4 + V157016 V52 + v13 177052 + v14%018 U5 + 2012 V14 V17 U5 V6 +
2011 V15 V17 U5 V6 + 2010 V16 V18 Vs V6 + V122016 V62 + V117018 V6> + 214 V15 V17 V4 Vg +
V13 V16 V18 V4 Vg + V17206209 +
vg? (0112?113 — 219 v11 V14 + V102V16 + (—v13v16 + 1)142) vg) +
vr? (0122013 — 2010 V12 V15 + V10%V18 + (—013 v18 + v152) U9) ANvr <
ve A vy (vi2 +v3 —2v8) <0

Hypotheses:

V19 < 0

4.39 Constant absolute risk aversion with states delineated 1001

Assumptions:

v3 < 1A (=1 +v27)? vo3 + (=1 + vos)? vga + (—1 + v29)? vg5 + (=1 + v30)> vos +
(—1 4 v31)? vo7 + (—1 + v32)* vgg + (—1 + v33)* vog + vi0g (—1 +v34)* +
v101 (=1 +v35)” + (=1 +v3)* vgo + (—1 + va)> v7g + (=1 4+ v5)* v71 + (v6 — 1) vr2 +
(1)7 — 1)2 v73 + (—1 + U10)2 v76 + (—1 + U11)2 v77 + (—1 + U12)2 v78 + (—1 + 7)13)2 V79 +
vrg (=14 v8)? + (=1 +v1a)* w0 + (=1 4+ v15)> vs1 + (=1 + vi6)? vs2 + (—1 + v17)* vsz +
(—1 + 018)2 V84 + (—1 + 2)19)2 Vg5 + (—1 + U20)2 vge + (—1 + U21)2 vg7 + (—1 + U22)2 vgs +
(—1 +va3)* vsg + v75 (=1 +v9)* + (=1 + v24)* vgo + (=1 + v25)> vo1 + (=1 + v26)* vea <
ONO < v A33 <wvg+vg+ vr+vsg+ v+ U5 + vg + V1g + V11 + V12 + V21 + V19 + Voo +
V20 + V15 + V13 + V16 + V14 + V17 + V23 + V18 + V24 + V26 + V27 + V29 + V2g + U30 + V31 +
Va5 + V34 + V32 + U35 + v33 A (—1 4 v26) vs9 + v39 (v6 — 1) + (=1 + v2r) veo +
(=1 +v2g) ve1 + (=1 + v29) v62 + (=1 4+ v30) V63 + (=1 4+ v31) Vs + (—1 + v32) V65 +
(—1 + 1)33) Vg6 + (—1 + U34) Vg7 + (—1 + ’1)35) Vg8 + (—1 + 1)12) Va5 + (—1 + ’1)13) V46 +
(=1 +via) var + (=1 + vi5) vag + (=1 + vig) vag + v38 (=1 4+ v5) + (=1 4 vi7) v50 +
(=14 vig) vs1 + (=1 + vig) v52 + (—1 + v20) v53 + (—1 4+ v21) V54 + (=1 + v22) V55 +
(—1 + U23) V56 + (—1 + 7)24) vs7 + (—1 + U25) V58 + V42 (—1 + 119) + (—1 + Ug) V36 +
v37 (=1 +wv4) + (=1 +wvip) vaz + (=1 4+ v11) vag +vao (v7 — 1) +vgr (=14 v8) =
0 Avgg = —v1 036 AN V70 = —v1 U37 A U7l = —V1 V38 A\ Urg = —U1 U39 A U73 = —U1 V40 N\ U74 =
—U1 V41 N V75 = —V1 Vg2 A V76 = —U1 V43 N\ V77 = —V1 V44 A V78 = —V1 V45 N\ V79 =
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—U1 V46 N\ V80 = —V1 V47 A Ug1 = —U1 V48 /\ Ugg = —U1 V49 A\ Vg3 = —U1 U0 /\ Vg4 =
—V1 V51 A U8 = —V1 Us2 A\ Uge = —V1 V53 A\ UgT = —V1Vs4 A VUgg = —U1Us5 N\ Vgg =
—v1 V56 A\ V90 = —V1 Us7 A V91 = —V1 Usg A Vg2 = —V1 Usg A V93 = —U1 V6o A Vg4 =
—V1 V61 A\ V95 = —V1 V62 A\ V9g = —V1 V63 A\ Vg7 = —V1 V64 A\ Vg9g = —U1 V65 N\ Vg9 =
—v1 U6 A V100 = —01 V67 A V101 = —V1 Veg A (—1 4+ v15) (vi5v2 — v2 + 1) vg1 +
(=1 +wvig) (vigve —v2 + 1) vga + (=1 + v17) (V17 V2 — V2 + 1) Vg3 +
(=14 vig) (vigva — va + 1) v8a + (=1 + vig) (vigv2 — v2 + 1) Vg5 +
(—1 + Ugo) (UQ Voo — VU2 + 1) V86 + (—1 + U21) (1)2 Vo1 — Vg + 1) vg7 +
(—1 4 v22) (v2v22 — v2 + 1) vgg + (—1 + va3) (V2 V23 — V2 + 1) V39 +
v7s (=14 vg) (v2vg — vy + 1) + (=1 4 vaq) (v2 V24 — v2 + 1) V9o +
v100 (—1 4+ v34) (V234 —v2 + 1) +vi01 (—1 4+ v3s) (v2v3s —v2 + 1) +
(=1 +w3) (vavg —va 4+ 1) vgg + (—1 + vg) (V2 vy — V2 + 1) V79 +
(=14 ws) (vavs —va + 1) vr + (ve — 1) (vav6 —v2 + 1) vr2 +
(v — 1) (vavy — w2 + 1) vy3 + (=1 + vig) (vipv2 — V2 + 1) V76 +
(=1 +v11) (Vi1 va —v2 + 1) v77 + (=1 + v12) (Vizve —v2 + 1) v7g +
(=1 +v13) (v13v2 —v2 + 1) vrg +v74 (=1 + vs) (v2vs —v2 + 1) +

(=1 +v14) (vigve —v2 + 1) vgp + (—1 + va5) (Vg Va5 — v2 + 1) Vo1 +
(—1 4 vag) (v2v26 — v2 + 1) V92 + (—1 + va7) (V2 V27 — V2 + 1) Vo3 +
(—1 + Ugg) (UQ Vog — VU + 1) V94 + ( 1+ U29) (1)2 Vog — Vo + 1) Vg5 +
(=14 v30) (v2v30 — v2 + 1) vgg + (—1 + v31) (V2 w31 — V2 + 1) Vo7 +

0
(—1 + 2132) (UQ V39 — U2 + 1) Vgg + ( 1+ U33) (7}2 V33 — Vg + 1) vgg = 0
Hypotheses:

1}220

4.40 Supply-Demand: Incidence parameter for scenario analysis 0015
Assumptions:

vo =0Avgs=v3Av5=0Av9g=1Av1g=1Av1v9 4+ v11V5 = V7 AV11 Vg + V3 Vg =
vg A V19 V3 + V12U5 = U7 AVigU4 + V1206 = s AQD < vig Avg < 0Avp <0

Hypotheses:

v11v7 — U1 V8 + V1208 = 0 A w11 —vi2 # O A —vi1 v7 +v11v8 — V1208 = 0 A w11 —vi2 # 0

4.41 NGM: Signing the impact of purchases on labor, separable case 0029

Assumptions:

vg =0A V1 V7 + V200 =14 v5 A V13 V3 V4 V7 + V11 V309 + V11 V407 = 1 Avigvg =
V8 A V13 V17204 U7 + V11 V17209 — V13 V17207 4 V15 V18 U7 + V15 V19 Us — V16 V17 U7 — V17 V18 U5 =
0/\1]172#0/\0<’U1/\0<U3/\0<’U9/\0<U10/\0<’U11/\0<’012/\0<
V133 + v11 A0 < — (—v15v18 + V16 V17) V172 A 0 < — (—v15 V19 + V17 v18) V172 A O <
VoAV <1TAvu <OANO0< v Av13<0
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Hypotheses:
v =0A —vq1 1)1721)9 + vi5v19 —vi7vis = 0 A 7)172 20V0<
—v7 (1)11 v172v9 — V15 V19 + V17 U18) v172
4.42 \Vector mode: Correlation between wealth and marginal utility 0085

Assumptions:

—vgv1+vs =0Av3#0AN—vv3+vs=0Av3#0Avs —v;=0Av3£A0AN0<
—(v3 —vg) V30 < vgvs A1 <3N0 < vsAvs? < V36 A0 < wgAvs? < wzug Avr? < vg g

Hypotheses:

V1 V2 V3 + v7 < U1 U5 + V2 U4

4.43 Industry Equilibrium: Determinants of long-run capital-labor complementarity
0066

Assumptions:

5+ v =1Avi2 =vi0+vs5 (—vi0 + v9) A v11 V13 V6 = V12 A V11 (V13 V6 — V14 V5) =
Vo NDO <V AD < AD<v3A0<vs AD <7 ADO<ugAD <16 A0 <
—(—U1U15+1}16vg)v1/\0<116/\U6<1

Hypotheses:

v11 (Vi3 + v14) V6 = Vg

4.44 Industry Equilibrium: Determinants of short-run capital-labor complementarity
0067

Assumptions:

vs+vg=1A—v3v5v8+vivg =0Av3v8 #0A—v306U8+v207 =0Av308 #0AvV9 =
0 Avigvig — 013016 — V10 + V9 = 0 Av12 —v13 # 0 Avig = v A —v1 vg +v19 = 0 A v1 #
ON—vigve +v20 =0Ave #OA —v11v3+v21 =0Av3 £ OA —v12v4+ V29 =0 A vy #
OA —vigvr +v93 =0Avy ZO0AN —v1408 +v2g =0 A vg # 0 A vy vg = v1 A vy U7 U8 —
Va7 U4 U8 — V2 U7 = 0 A w7 # 0 A V17 V23 U7 + V22 V27 U7 — V23 V27 V4 — V21 V7 = 0 A vy #
O0A—v15 v18+v28 v3 = 0AV18 # 0AV21 V28 = V24 AUT V19 V2501 V20 V29 — V19 V2 V29 — V1 V24 =
0 A vy # 0 A vag V31 V7 Vg — V23 V31 Vg Vs + Vg Va7 72 — v19 U7% = 0 Av7? # 0 A vy7 vag v73 —
V22 V31 V4 V7 U8 + V23 V31 U42v8—v24v27v4v72—1120v73 =0Av3 Z0N0 < v A0 <vaA0 <
1)3/\0<U4/\0<U7/\0<7}8/\0<1)30/\0<—(—01U26+U2U30)1)1/\0<1)6/\1)6< 1

Hypotheses:

v12 (—v15 V5 + V16 Us) = v13 (V15 + V16) Vs
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4.45 Industry Equilibrium: Long-run relationship between real output and real wages
0062

Assumptions:

—v3vsvg+vive =0Av3v8 £ OAN —v3vgvg +vovr =0Av3v8 ZO0Avis =0Av7 =
vg A —v1v9+v18 =0AvL ZOA —v1gv2 + 019 =0A vy #0A —v11v3 + v =0 Avs #
OA—v19 v4+v21 = OAV4 # OA—v13 V7+v29 = 0AV7 #£ 0A—v14 Vg+v23 = 0AVg #£ 0Aveg Vg =
V1 A 16 V7 U8 — V24 V4 Vg — V2 U7 = 0 Av7 # 0 A 016 V2 U7 + V21 V24 U7 — Va3 V24 Vg — V20 V7 =
0Avr #0A —vi5v17 +v25v3 = 0 A vy # 0 A vgg v25 = 23

Hypotheses:

V13 V15 V6 = V14
4.46 Supply-Demand: Price and quantity impact together reveal quantity determi-
nants 0006

Assumptions:
vs =1 Avg=1Avivs+v3v7 =04 ANvavg +v3vs =04 A0 <wvg Avy <0
Hypotheses:

O0<vyVv3<0Vwvs <0

4.47 NGM (Neoclassical Growth Model): Labor taxes reduce steady-state labor, cap-
ital, consumption 0021

Assumptions:

'1}720/\1]820/\’1)21—’U5=1)4/\U211]7—'l)21-i-'U5—i—’U62()/\7}7—17é
0 Awig v3 + v2 V21 = V12 A V10 V21 — V10 U5 + V11 V19 — V9 = O A —v2 022 — vz v3 = 0 Avg #
0 A =10 V152022 U8 — V11 V157020 Vs 4 V10 V15°V22 + V11 V1520 — V11 V13 V16 + V11 V14 V15 —
V13 V17 Vg — V152019 + V15 V16 V9 = 0 A v15? # 0 A vg U3 — vagv3 = 0 A vy #
OAVIgVa3 + 111022 =0A0 <V AD< AD<v3 A0 <5 A0 <vi5 A0 <
—(—U13 V16 + V14 U15) U152/\0 < —(—U13 V17 + V15 U16) U152/\0 <vgs N0 <vg A0 <
VI ANO < AN <5 A0 < v A <1Avg<1Av3<0AvIs <O0OAvVI7 <OAvy <
0 A v14 + V16 V19 (1—Ug)+1)151120 (1—1)8) <0Awvgg <0

Hypotheses:

19 <O0Av10 <0Awvil <O
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